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The closed form solution is obtained of the equations of motion of an
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navigation law. An analysis of th. solution is performed and the conditions for
the missile to reach the target are determined.
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The closed form solution is obtained of the equations of motion of an

ideal missile pursuing a nonnaneuvering target according to the true proportional

navigation law. An analysis of th. solution is performed and the conditions for

the missile to reach the target are determined.
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i • maw~rza

lost modern air-to-sir and surface—to-sir .i..iie ayst~~ nee a fox. of
proportional z*vigetion in the hei ng phese of flight.

In proportional navigation control accelerations are generated proportional
to the mnaeiued rate of rotation of the interceptor—target line of .tght.

In the literature two besic forms of proportional navigation beve been
considered, These two for., are generally labelled , pure proportional navi—
gat.ton (psi) 121 and true proportional navigation (TP~) Ii I. In P~! c~~~nded
acoelerations are applied ZEX*al to the missile velocity. In T1~ c~~ .~iAed

acc.lerationa are applied in a direction normel to the interceptor—target line
of sight. In both cases no closed-form solution is available , and ]In~vised
anal.y.i. ~~a applied to study these two forms of proportional navigation.

£pplying qualitative methods for the analysis of Pl~I 21 it irns demonstrated
tlmt , provided a set of conditions relating the ratio of velocities and the
constant of navigation, are fulfilled, capture can be assured for ~~~ initial
“onditions excepted for a precisely defined particular osse.

In this utedy we determine th. closed form solution of the differential

equations describing the trajectories of a missile pursuing a no~~~neuverirag
target scoording to the true proportional navigation z.~. me solution ves
snail sed and it is 4~~~ atrsted tbst captors is restricted for th. cases there
th. initial oonditions belong to a determined circle, defined as the circle of
capture. In psrtioulai’ it can be sh~~~ thet even if the ~~aw~lo is initially
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approa fthi ng the target there exists an entire region of initial conditions
where capture cannot be assured. This strongly differentiates the two forms
of proportional navigation as opposed to previous linesrised analysis where
equi valent results were obtained for both cases Ii I. 1,1.

An analysis is also made of the behaviour of the rate of rotation of
the line of sight for the case where capture is assured. Jew results relating

to the boundedness of the L(~ rate are d~.cnatrsted.

_ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _
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2. PROB1~~ 8T~*~~ (~~T

Consider $ target T and missile I as points in a plane moving with
velocities and V~ respectively as shown in Pig. 1. The qstem can
be described in a relative syaten of coordinates with its àenter at T and
axis Tx along the streight line trajectory of the target.

In true proportional navigation 11 I (tP6) the missile acceleration
c~~~ nded, a

~ 
is applied normal to the line of aiRht, as opposed to pure

proportional navigation J2 1 (i’PJ) where the missile acceleration ocimnanded
is applied ~orma~rto the missile velocity, as depicted in Pig. 2.

The equations of motion of the missile are derived in the following
foxm *
Letting a dot denote differentiation with respect to time, the ocaponente
of the relative velocity tron missile to target are,in polar coOrdinates

(i)

~e fOe VMSISsO + VTS~
i
~.ø (2)

In proportional navigation the intero.~,t~~ sooelaxstion is proportional
to the line of sight angular rate

UM IIr CO (3)
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Fi .1: Planar pursuit, true pro~~rtional navi~ation
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Fig. 2: I’lanor pursui t, pure proportional navigation
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where in TP?4 o is generally defined as Ii I

(4)

with the nsvi~~tion coustant .

Fron the kinematics of a point

(5)

where

-~ . _ i (6)

is the angular velocity of the missile system of coordinates (i , j , k)

with reapect to an inertial reference.

Developping (5) for the TW case,

(7)
VM

‘M~ 
.aMc~ o~ (8)

Frt~n Fig.. I

(
~
)

Differentiating (9) with respect to tiae end resnsnging

(1°)

_ _  _ _ _ _ _ _ _ _  - . _ _
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Replacing from (7) into (10)

de~ (ii)

Differentiating (i)  and (2) with respect to time

Vr M M 4 Y ~~~~
9 (12)

V8 M M C ~~~~~~~~ 1~~~~~O ( is)

Replacing TJ and from (8) and (i i)  respectively into (i 2) and (13)

(‘4)

(15)

Introducing in the right hand texms of (14) and (15) T
r a*d

instead of their values as defined in (i )  and (2)

( 16)

(17)

Finally replacing Vr by and Y~ by r~ in (16) and (17) and

rearranging

1_ r a tiO (18)

(‘9)

11
11
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Replacing aA from (3) into (19) and revri tting (18)

(20)

II $

(21)

( 20) and (21 ) are the two well biovn equations of true proportional navigation
Ii . The solution of this nonlinear system of differential equations will
provide the trajectories of the missile in the relative system of coordinates
previously defined.

_ _  . .~~ -~~~~~~~~~ -- -  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



3. ED4(~ M 80LUfl~~

In the ciassica]. theory of true proportional navigation it is tacitly

aaeuaed that the system of differential equations (20) and (21) ii not

solvable in closed form, lloreover , it is admitted, without proof, that

the missile follows a straight line trajectory to~mrde the pursuit end.

The analysis that followed only considered 11 pertiwbati~~~ with respect

to this final straight line traj eotoly.

In this study it will be shown that in fact there exists $ closed form

solution for system (
~~), (21 ) aM this closed form solution sill provide na

with the conditions under which the missile oapturss the targets

Replacing 
~* 

from (3) into (1 7)

(22)

(23)

Iultip]ying (22) by and (23) by (c + 
~~ 

respeotivsly aM adding, ths~

(34)

Resr~anging

(25)

— ~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~ 
—

~~~
..
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Integrating

V~+~~+2 cVf .,~.. (26)

where

(27)

lultiplying (23) by r

a
• (28)

Subetituting 4 from (28) into (26)

(29)

Substituting T
r by f into (29)

• (xO

~~*ation (so) is an equation in r only. £t t~~s stais r and 0

are separated.

Let differentiate 1’? with respect to time

r 
~~4 ) .4~ ” • 

(si )

Replacing (si ) into (30)

(32)
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Integrating

(33)

where

~~ç,ç+2cc . (34)

Le~ now

~r~~~i vftt+n. (35)

where y 18 the new independent variable and a and n are two real constante

Substitu tIng (35) into (33)

Cj+t~~.~ )j +  (2c.~nt)~ ~~~~~~~~~~~~~~~~~~~~~~~~~ (36)

Let m and ii be such that

~w~+2c)mao..

and

(38)

Wlth theee values of m and n (37) reduces to

+ (39)

where

k.wi+ac (40)
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Before we proceed further it is important to ‘ rema~’k that (37) has two

solutions for m

Ift~a +k~+~L (41)

and

(42)

Given the fact that (33) fulfills Cauohy Lipschits condition for any
real t and r j’ 0 it is sufficient to consider the solution for only- one
of the values of a. The other value will provide the sane solution for r.
Let in consequence a a1 .

(39) is a homogeneous equation ~4) and the variables can be separated.
This equation is solved in Lppendix I and the solution for y is

~1i” ~ #k) 
~ 1 ~ 4 (43)

‘S. L~~~4 (y~4 k )X. J

where

~~iI~~~+Y~/flt (~4)

and and x~ are the initial values of y and x respectively and
axe obtained frcu (35) and (44) for t . 0

x0111~ 49c~. ~~ (45)

(46)

L _ _
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Once the solution for y is obtained, r is obtained as shown in

Appendix II .

The result is

~ 
(47)

where (48)

is defined by

Note that -z (x) ~ ~ 4 (50)

IA 1 , 
~2’ ~ and q are all real constants respectively defined by

_______  
(51 )

_ _ _ _ _ _  

(52)

~ 24~’*i

where

(
~

)
Iv.,I

and

(
~~

)

I
L .. _ _  _ _ _ _  _ _
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and

t 3 w~~~ 
(55)

m~.k ii.

Note that from (51) and (52)

(56)

(5~)

I
Once the solution for r is obtained , 6 and 6 are obtained as shown in

Appendix III.

The result is

_ _ _ _ _ _ _ _  

(58)

~~~~‘

(~9)

where

04 a 9~+ Lc~.%.( ó,) a~c~ (~~~~~~~

)

qI (60)

- . . . - . , .  ______ i
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4 • ANALYSIS (P SOLI?PI(P

In order to analize the solution , the signs ci a and b will

first be determined .

P rom the expression for a (27), it follows that if

i)  C ’If ~) , ~~ ~ to a circle C0 defined by

with center at (~ 
0) and radius ~~ ‘ , then

2) (Vrj Ve.) 6 to the circumference of C

~) (~•~ •~~
‘Q~

ob,o

J’rcm t.ne definition of b (34):

t )  b< 0  for

2) b > Of o r

In Pig. 3we have depioted, in th. plane , th. circle C0 aod
the mtrai&t-line

~

-

~

---

~ 

~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~ -,---- -,- -. - - - . , -  - _ _ _ _ _
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Representing now the above results in table form:

Case A a > O , b > O  Ck.~..)%’C~
Case B a < O , b > O

Case C a > O , b < 0

Case D a <0 , b <0  
-

Case A) a > 0 , b > O

Rearranging equation (j3)

(61)

Prom (61 ) it follows that a necessary condition for the aisaile II
to resoh the target T (r - O) is

o,~+6~~O for

On the other hand

at4~~mO for

ii and only if

(62)

TBRC~ IN I A aisej ie N pursuing a ntd reuyering targst ? sooording
to the true proporticsml nevi~~tion law and starting it. oourse at

where

~

- - - -- - - --- -~~~~~~~ - - - -- 
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will not reach the target for a~~ real t.

Oaae B) a < 0 , b> ’ O.

Prom (41), with a <0 it follows

(63)

Substitut ing this value of a into (40)

k~~+2c~ c-~4â~+a. ~Q (
~

)

and

m÷k~~~4c~ & ,O (65)

It follows then

O~~- m/k < 4 (66)

and

(
~

)

low, frcm (54) aM (55) we bave

?l~~~~
O (60)

(69)

and from (55), (67) and (57)

(70)
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We shall first study a as a function of z as defined in (49)

For t . O , x — z 0 .b /a , and s0 al.

F o r x — O i t  follows a — 0 .

Differ entiating (49) with respect to z and rearranging

(71)

hence with k > O

(72)

and fran(66), rn/k +4 ~ C , thus

t~u~ ~~~~ O (73)
2-sc ~~

With all these elanente a is depicted as a function of x in Pig. 4.
y as a function of x is directly obtained multiplying a by y

~ 
as depicted

in Fig. 4. From (44) it follows that y as a function of t is obtained trens-
lating the origin along the x axis by ~ a-  Wa. This is depicted in 7i~ . 5.
Finally , recalling (35) , r is obtained by adding to y, at + flj Thj s is also
depicted in Fig. 5.

It results in consequence that r - 0 for t - -Wa. Th. missile reaches

the target in this case.

The value of t

~~~~~~~~~~~~~ VL 1 (74)
Jr 

~~~~

is the final time of the pursuit.

_ _  _ _ _ _ _ _  _ ___ _



— .- , .) —

z y  

— ye

y .y (x ) z0= u
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Fig . 4: y ar~i vs. x
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It is yorth while to resark that V~ iao~ t4, ~~~ as we should
expect.

In what concerns the olceing velocity, differentiating (35) with respect
to time t.

( ‘is)

Now, from (44) and (48) it follows

(76)

From (73) for s . O ( t ~~~tf )

(
~

)

Hence

(78)

The angle e is obtained from (59). For $ . 0.

G 6 ~. ~~~~~~~~~~~~~~~ (
~

) 
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THEC1~2I 2: A missile K pursuing a noimen.uvering target ? aooording to
true proportional nevigetion, starting at 10(r 0, e0) such , that

Vs.) £ C~ (80)

reaches the target at a finite time

t s ( . r ~~[4.. V 1 (61)

~,,(V*.sc)~ 3
Iloreover N arrives to?  with a closing speed

(82)

at an aspect angle

9;6~~ ~ t~ t4,)a {..c~ .e+ Jc~1r.+c)’ +V 1 (8~)
I! V CW.40 4 R41ipC?4 ~

Resmr k 1: The oondit ions to capture the target depend on the initial
conditions and their relations with o.

No conditions at all are imposed on v — Y~/T~ , the ratio of velocities
as wse the case in pure proportional navl#tion. Iven v <1 capture
Ia possible.

The rate of rotation of th. line of .i#t plays a f A ,fltal role in
missile design. For a stable functioning of the missile it i essent ial
that 9 should be bounded.

Pros th. .xpression of 0
• ‘ (1ss lk 

~)/&O m 9, . . .

____________ - : —
~ 
- 

~~~ _ _~~~~~ _ _ _ _  _ —
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it follows that if k > 0 and

i )  ~~~ + k < 0  (84)

then
Z40

2) 3m+k .0 (85)

.ba~~~~ G~4’
2.0

and

3) 3 m + k > O  
(
~

)

~~e~o
240

Substituting for in and k their value. given in (6,) and (64) into

(84), (85) and (86) and rearranging we obtain respectively that if

i)  (\Jv , , ~ where C5 is a circle defined by

-t 2
* (c/s)

then

~.tc
2) (~Jç~ V9,) ~~ to the oiro~zferenoe of C

5

~aL’e: O./~
3)

~~~ éirO

‘1

_- - - -~~~~~~~
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Let ua determine now the value of G . Rearranging (21)

(87)
r

From (7~) and(76) it follows

(66)

Substituting defined in (71) into (88)

~~~= ~~~~k~~
M

~~
44 

+~I, (~9)

Substituting r, t and 6 from (47) , (89) and (58) into (87) and
rearranging

~ _4 Z~~~~~~~f
(c4.~~~~~ c-1Ia*~~~’J (90)

1.~ ~. r~
2

~~
”)4

Now

O4 2r n x~~n~~k (91)

thus, c + 2m >0  it C*., Va ,)~ C~ and o + an <o for (Y6 V..)~ Cc.

(92)

For c + ~~ > 0 , there exists a

eu~h that if

ç~ 4

_  J



_ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

— 5 0 —

then è(’t~,
)
~ o for 0<t 1 < ti., where t1 ie auch that s(t1) — a1.

Substituting ~L~~p p2, m~~~~~~k i nt0~~ 1 
it ia r.edily sbown that s

~ 
<1

if

(94)

Koreover , for a > a1 (t <t 1 )

(~5)

and for a < a
1 (t> t 1 )

~‘r 
( u i

~
_ S*t .(Qe) (96)

It follows then, that for e0,O (&<o) Ô(t) has a maximum
(minimum) at t — t 1 .

In what concerns the value of at t — 0 , ’ it is directly obtained

from (87)

- (Cs ~~
) ( 
~

) (g~)

Thus, if

med if

(99)

For t t f~~if

i) % .+ k -< 0 (,
~ )

2-po
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2) 5m + k— 0  (101)

z-.o ~0 fI ji

s) ~~ + k > 0  102

a. ‘~

Substituting in and k into (ioo), (101) and (102) we obtain , if

1) (Vy0, Ve.) G. C~p where C~ is a circle defined by

~Jr. ~-c)~’ +~ V~ ~
then

~: 4tç
2) ~. ~~ Ve~ €. to the circumference of CD

.-â~
~) ~~~~~ ~

(
,~It~~~-o

In Fig. 6 ~.ll the three circles C0, C5 and CD and the straight line

~~~~~ ~.S/t are depicted .

For the case 1), (Vq~,V ,)~ C.p , previously considered we can
distinguish between three auboaaoe
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— ~~~~~~~ \\ 
\~~\

_ _ _ _ _ _

J% 
.c~~~

______ 

cc
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Fig. 6: Tb. son.s 1 to V
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i.i ) (~ r.,~Ie,)€ Cg

l .2)OJ~,,VI,)-€~ to the cir~~~eatene.of C5

~~~.t
4

1 .3)

Ye can distinguish now five different souse, denoted I to V.

x) V~0 ,~_ c/g , ~~~~~~~~~~~~ £ C~
è(~ )g O , ~~~~~

(4
~~
ç
)w O

c.1~~) g S
~r

(ó.)
n)~I4~~-&/2. , (~~ .‘1..)€C~~’C~

è(~):o , ~~~~ -Ec~ te~1 .~

~r c~)~-~~1 (è.)
~~

) ~1 y C ~, € C~
~~~~~~~~~~1I� 

•
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~~~~~~~~~~~~~~~~~~~ ~.CD , CC.

ó(
~ )mo ~

(
~f). _ t ~~I(~ 3o.

6 has an extromum (maximum for é. ~ C ) for t — t
1

m S14a.(Ô.)

y) V~ ~ —C/2. ‘1., V,~e ~ , e C~
9(~ )~.O~

0 baa an extremum for t — t
1

Representing now as a function of t we obtain the five different
curves depicted in Fig. 1.

TBEC(~~~ 3: Th. oi~iim~nded acceleration of a missile I pursuing ~
noxssne~a’v-ering target T aocording to true proportional navi~~tion

f or N starting its course at K
~ 

such that

(\k.~4e.)~~C5, €Cc
is a bounded function of time (acne. I, II, TV, v).

For

~~~~~ 
6

( tone xii) a1 becomes unbounded at the pursuit end.
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I i
8ma — — — _____

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

~~~~‘ E~ fl-~
-- - -  --

~\---H

- I -~~~~~~

0 11 t

Pig . 7: Line of aight rotation rat . ye. tins for ( Ye. . Y.~,)
belonging to cozies 1 t9 V.
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Ca8e C) a~~ O, b<0.

?or this case

m > o  (t oy )

and k > O  (104)

Pr~,m the expression (47) of r it is readily seen that for in/k -> 0
there does not exist any real t for which

r — 0  (105 )

In consequence it 18 obtained the following result

THEOREM 4: A inissi le N pursuing a nonnianeuvering target T accord ing
to true rroportiona L navigi~tion , starting at K0 where

(106)

~l1.L i fli)t ria -ti the target for any real t .

- -  ~- - - - - - - • ~~~~~~~~~~~~ - -
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5. A PARTICU LAR CASE

The systozn of differential equations (20), (21) baa the particular
solution

é=o (107)

(108)

as can be directly proved by substitution.

In terms of Vr and Ve this solution corresponds to the case

V~=O (io~)

cXL (110)

In the plane V , y
e depicted in Fig. 8, this particular case corresponds

to the points belonging to the straight line V0 — 0.

Fo r < 0  the missile reaches the target without maneuvering

l~~i C€).r O (iii )

In previous works I i i  the analysis of true proportional navigation
was restricted to the neighbourhood of this particular case

(112)

(1 13)



_ _  - ~~~~~~~~~ - ---~~ - — - - - -  

— —

Vr

_________________________________ 0
________________________________ 

__ V8

-C/3

Fig. 8: The case V0 -,~~ ~~~ .~



—- ---~~~~~~~~~~- ------ — - - - -- - - -~~~~-------~~~~~ --~~~~~~~ --

— 39 —

In this case , as previously mentioned, 0 is defined as

(114)

where ).. is the navigation constant .

It follows from the results of the previous section that the missile

reaches the target for ~Q~’ 0 if

V < O  (115)

and

7 -~~.C s  (116)

that is

~)9  4 /a. (117)

In what concerns the rate of rotation of the line of sight we can

distinguish between five different cases

I) 3 < ~~~~

Ii) 2 < ) ’ < 3

lxi)

iv) 3/5<~~.<2/3

v) i/2 < )s < 3/5

These five different cases are depicted in Pig. 7.



_ _ _ _

- 40-

8UKMART 11W C(~CLL~ I~ I8

In this study it was derived the closed form solution of the differential
eqnationa describing the trajectories of a missile pursuing a noemanenver ing
target according to the true proportional navi~~tion law.

The solution was analised and a circle was defined where capture can be
demonstrated . For the case of initial condition. belonging to the otrole of
capture the rate of rotation of the line of sight was analised and mew result.
were found concern ing its boundedneas at the pursui t end .

The point of greatest interest in this study is the fact that the analysis

of the closed—form solution of TPN enabled to demonstra te the basic differences
existing between the two most ut ilised forms of proportional navigation.

~aeent ially , when in PW capture of the targ et can be assured for the entire
plane of initial conditi ons, excepted a well def ined particular case, in T1~
capture is restricted to the here defined circ le of capture.
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AkP~$DIL I

Solution of

~~~~~~~ t k~ a0 (118)

Let 

(11 9)

Substituting (11 9)  into ( i t s )  and rearranging

(120)

Defining a new variable u instead of y

(121 )

Differen t iat ing (121 ) with respect to i

(122)

Substituting (121 ) and (122) into (120 )

(123)
“fl
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Rearranging

* 
_ _ _ _ _ _ _ _ _ _  

(i~s)

Integrating (124) with in] tial condition. V..~L. , ~~~~~~~~~~~~~ ~1/~~

_ _ _ _ _  
(125)

(1~4L.1 “~~.+ vø~~k/  )

thus

_ _ _ _ _  
( 126)

\~A 4 m4.k1 K.

Substituting u from (121 ) into (126) and rearranging, with

_ _ _ _ _ _  

( i v)
~.w vyo1 •~ (m +k)K./

Eliminating X/)(. and elevating to

( + ( ~r~~ k)~~~~~~~1 4 (126)
I,?.
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An’~~DIX II

The solution for r i~ obtained a. follows:

Let

z.ytie

Rearranging (126) and substituting y by s

(i3o)

where

j~ ~~~~~~~~~ %o (i3i )

and

(132)

Substituting x frca (i~o) into (119), and the corresponding
v i e  of t so obta ined into (35)

(t33)

where 9.
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From (27) and (41 )

(i~i)

thus, from (40)

k5~~4J7~~c)~. V.  (135)

and

rn -k m 2J (’~r.+c)2 .4 (1% )

Substituting now ~. from (45 ) and )f u from (46) into (i3i ) and
(132) and rearranging

-~~ Y.W~4 r  (1~~T)

and

_ _ _ _  (‘38)

Substituting k from (40) into (37 ) and the value of a so obtained
into (38) it follows

r~kr b (139)

Nultiplying (131 ) by m and replacing nk from (i 39)

mr. m’r,.~ (140)
pn4~~

Substituting now m , b and m + k by their values given in (134) , (34)
and (136) respectively and rearranging

1’. +JCvtaeç’s.vh.) (141 )
2 ~~~ q..e)1’4 4.
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Let us define

~~ “J~~ ,G (142)
WI..’

Substituting into (14 1 )

(143)

where

4~. _______  
(144)

Substi tuti ng now (139 ) into (138 ) and rearrang ing

_ _ _  (145)

fro m where it follows

k~
_ r .ra (146 )

where

____ 
(147)

Substituti ng now mp and qk from (145) and (146 ) respective ly into (136)

1~ c( r4.f ’
~

’ 1.ja~
2) (148)

This is the eolution for r as a function of a. a is implicitty
defined in (130) with z def ined in (119) .
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£rr ~~sU III

The solutiom for O , the rate of rotation o~~the lthe o f sight , a Me
the aspect angle, i. obtained as follows:

(is)

Different iating (i 29)

~~~~iir ~J,c~& (iv)

Differentiating once Again

(isi )
d~At

Differentiating now (35) twice with respect to t

(152)

Substituting (151 ) into (152)

(1~~ )

Differentiating now (130) ,ith respect to x and rearranging

~~~~ (154)

_ _ _ _ _ _ _ _ _  _ _ _ _  -— -~~~~~~~~~~
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Differentiating once again with respect to x and c~ez%tirg

1

Substitutj~g (155) into (153)

(‘56)

Rearranging (20)

( ‘7)
Substituting r from (148) and ~ from (156) respectively into (15?) aM

rootaqusring

I

(158)(~~~,~ g5h1h4~)t

This is the solution for the ra te of rotat ion of the line of sight as
a fwaotion of z dofi~ed in (t~o).

• is obtained as follows

(“9)

Chenging the variable x by a , vhere for i~~~ 20, ~ • ~0 ~~~ _ _ _ _

s — i

é (z) cIt (i6o)
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Rearranging (154)

(t6 1)

Substituting (ise) and (16i ) into (160)

e-e.~ ...~~~~~~ ~~~~ (162)
i

Let

$~IIII (163)

thua

Lz. , (164)
Pn+k.

Substituting into (162)

Q.G. m (165)

lience

0.0., -.i9~,(V&&~ (~ )~J
S 

(166)

Substituting a by z as defined in (163)

Q~ -2 (V.a Ciit~ti~ (
~ 

Z”
~ ~~ + 167

where

6;a GD + 2
r

(V
~
.)
~~~ (~~)

4t 
(16e)


